wi
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If x=0, sin0=0 = 0=0

x =1, sin8=1 = 0 =57

/2
B(m, n)= [(sin8)" 1 (cos?8Y "L 2sin0cos0do
6=0
n/2
ie., B(m,n)=2 Ismz’”—lﬂcoszn“ledﬁ )
6=0
In{2)put x = o dx = 2t dt, talsovaries from{to

iy 2
T(n)= [et (2y~lotar
t=0

“ 2
e,  T(n)y=2 [ A" 1 (@)
U

(3) and (4) are also regarded as definitions of Beta function and Gamma function
respectively.

5.32| Properties of Beta and Gamma functions

L B, n)=0(nu, m)
1

Proof :Wehave B(m, n) = Jxm_l(l—x)”*ldx
0

Put x =1-y or 1-x=y . dx=-dy

When x =0, y =1 andwhen x =1, y = 0.

0
B(m, ny= J(1-y)y" 1y (~dy)
y=1
1
ie., B(m, n) = J‘y”*l(l—y)m_ldyzﬁ(n,m)
y=0

Thus B(m, n)=p(n, m)



274 INTEGRAL CALCULUS

20600 Vend 0y - oaloay iy o 1) = ot fora positive integer i

Proof (i) By definition I'(n) = [¢ *x" " 1dx
0

T{(n+1l) = fe_xx” dx or Ix"e"xdx
0 0
Integrating by parts we get,

[(n+1) =[x”(—e"‘)r—f(—e“x)nx”‘ldx
0
0
Note : x"/¢* — 0 as x — oo by L Hospital’s rule.

'(n+l) = (O—O)+n_[e_xx"_ldx =nl'(n)
0

I'(n+1)=nl(n)
(ii) Continuing from the above, we have similarly
F'(n)y=(n-1)T(n-1), '(n-1)=(n-2)I'(n-2)...
F(3)=20(2), I'(2)=1T(1).
Now we have,
T(n+1) =n{(n-1) T(n=-1)} = n(n-1) {(n-2) T(n-2)} etc.
Thus [(n+1) =n(n-1)(n=2)---3-2-1.T(1) =n'T(1)

But I'(1)= Ie_xxodx= —[e_x:l: =-(0-1)=1
0

Thus I'(n+1) = n! for a positive integer n.
Note :

1. This result can be remembered in the form. I'(n) = (n-1)T'(n-1) where n#1
and T(n) = (n=1)"! where n is a positive integer.

2. T'(n) is not defined for n = 0 and also for a negative integer n.

F'(n+1)
n

3. T'(n+l)y=nl(n)or (n)= and this expression is used for finding

T (n) when nis a negative real number.
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5.33 Relationship beiween Beta and Gamma functions

o1y 1y

Biw, ay - _ )
['om+ )

Proof : We have by the definition of Beta and Gamma funchons

n/2
B(m,n)=2 _[sinzm*lﬁcosz"_lede (1)
0
y 2
F(ny=2 [e* a2 1y @
&)
K — om-1
F(m):Z‘I‘eyy2 dy ... (3)
0
F(m+n)=2J'e_r P lmtn) -1, (@)
0
Now I'(m)-I'(n) =4[ Yl g dy ... (5)
00

Let us evaluate R.H.S by changing into polars.
Putting x = rcos 6, y = rsin 0, we have x2+y2 =7

Also dxdy = rdrd0. r varies from Qto =, 8 varies from 0 to 7/2
(Analogous to Problem-35).

We now have (5) in the form
/2

= 2
C{(m)y-I'(n)=14 I e (reos0)" " L(rsing "1, gy o

LI W—

r=0 8=0
oo T[/z 5
=4 I e_rr2m+2”_]sin2mglBcosz"klﬁdrdﬂ
r=0 08=0

w2

2

2 g”" Almin)=14 1, I sin®" 10 cos?" 19 do
8=0

r

1l

LI

0

Fim) I'(n)=T(m+n)-B(m, n) by using (1) and (4).

F(m)-I'(n)

Thus B(m, n) = T (mtn)
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Corollary :To show that 1T'(1:2) = T

Putting n = 1/2 in this result we get,
r(1/2) T (1/2)

B(1/2, 1/2) T ut r'(1)=1
2
B(1/2, 1/2) = T (1/2) .. (6)
n/2
Now consider PB(m, n) =2 _[sin2m7l 0cos” "t o do
0
/2 n/2 -
B(1/2,12) =2 | sin®0cos’0d0 =2 [ 1do= 2[6} -
0 0 0
i 2
Now we have from (6) © = {I"(1/2)]
Thus T(1/2)=~+n
Note : We can independently prove that I'(1/2) = V. The proof is as follows.
b -t -1
We have by the definition I'(n) =2 Ie x dx
U]
- 2 2
F(1/2)y=2 [ ax=2 (¥ dy
0 0
§ 2_ ??_(x2+y2) T _
Henceﬂ‘(l/Z)} = 4 ¢ dxdy=4lz-1t
00
( We need to retrace the steps of Problem-35)
Thus I (1/2) = Vn
5.34| Duplication formula
VU (2m) = 2™ L om) T (m+ 1/2)
B(m, 1/72) = 22'”‘1{3(171, n)
Proof : We have,
L(m)-T(n) i
nj): n L2m=1 2n-1
—_ " = , =2 0 6 do (1
T (m+n) B(m, n) 6[ sin coS (1)

Putting n = 1/2 in (1) we get,
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/2
[(m)C(1/2) _ - om-1 0
Pty = Bm 172) =2 Ojsm 8 cos’ 8.0
' /2
- Tmy-~Nm _ . om-1
ie., F(m+12) B(m,1/2)=2 6{51{1 0640
Also by putting # = m in (1) we get,
n/2
'(m)-T'(m) . 2m-1 2m-1
— 7 - MRS =2
(2m) B(m, m) Jsm 0 cos 0d8
/2
-2 [(sin6cos0y?™1do
0
w2 28 2m -1
sin
-2 j{ 5 } d6
0
L (m)-I(m) 1 7
; tlm)-l(m) _ - . . 2m-1
ie., T (2m) =B(m, m)=2 J2m—1 6[51n 20640

d¢/2. ¢ variesfromOto =

In the integral, put 26 = ¢ .. 46

T

LOm) LGm) g oy = 2. ] jsmzm_l¢-£i—29

I'(2m) '22m—1¢=O
b1
ie., E%’,%i%"’) = B(m, m) = g Ujsinz’"‘lq)dq)
T n/2
Using the fact that Isink do = 2 Ismkﬁdﬁ, we have,
0 4]
/2
F(rlrj()é;()m) = B(m, m) = 22?:_12 Jsinz’”qq)dd)
or
/2

p2m -1 r(;"i()zl:ﬂ()ﬂ‘f) =2 1R (m, my =2 fsinzm’1¢d¢
0

... (3)
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With reference to (2) and (3) we can say that
/2 n/2
2 jsinzm “lodgo =2 Isinzm ~1$d¢ since the variable is arbitrary in a definite

0 0
integral.

Thus we must have

Lm)¥n_ om 1 D(m)C(m) B(m, 172y =22"""18(m, m)

C(m+1/2) I(2m)
L (2m) = 22" 0 (m)T (m+1/2) )
or  B(m, 1/2)=2"""1B(m, m) ... (5)

{4) is the duplication formula in terms of gamma functions and
{5) is the duplication formula in terms of beta functions.

Corotlary : Putting m = 1/4 in (4) we get,

VET(1/2) = 2 V20 (1/4)T(3/4)
ie., Vi oNm = 142 - T (1/74)T (3/4)
Thus I (1/4)T(3/4) = 12

WORKED PROBLEMS

Resnlts to remeniber
(i) I'(n)=(n-1)I'(n-1),
I'(n) = (n-1)! if nis apositive integer

I T
L

(i) T(1) =1, T(1/2) = v, T(1/4)T(3/4) = n\2

39, Show that B{m+ b, n)+Pp(m, n+t) =B, n)
>>  Using the relationship between beta and gamma functions in L.H.5 we get

F(m+1)F(n)+F(nr)F(n+1)
I'(m+n+1) INim+n+1)

o omP(m)T(n) N I'(m)ynl'(n)

_(m+n)l“(m+n) (m+n)Y(m+n)

. T(m)-T(n) T(m)-I'(n) _ o
_(m+n)F(m+n)(m+n)_ C(m+n) = BGm, m)=RHS

Note : We can also obtain the result from the basic definition of Beta function.

But T(p+1)=pl(p)
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0. Show that B(m, n)B(m+u, p) =B (n, PIB(n+p, m)

>> Consider LHS = f(m, n}-f(m+n, p)

_LOm)T(n) Clm+m)D(p) _T(m)I(n)T (p) .
'(m+n) F(m+n+p) T'{m+n+p)

Now consider RH.S = fB(n, p)p(n+p, m)

ie.,

:I“(n)I“(p)‘F(n+p)-I“(m)=F(m)F(n)F(p) 2)
F'(n+p) C(m+n+p) T{(m+n+p)

Thus from(1l)and (2) L.H.S = R.H.S

ie.,

41. Shoiv that Plnr2, 1-2) = b (o, )
m{m+1) (n=1)(nu-2)

o LHS:[3(m+2,n—2)= '(m+2)T{(n=2)
m(m+1) C(m+n)y-m(m+1)

Using I'(n)=(n—-1) '(n—1) wehave,
Fr(m+2)y=(m+1)ym I'(m).
Also we shall multiply and divide (n-1) (n-2)

LHs - D(m) (n=1)(n=-2)F(n~2) _ T(m)I'(n)
T (n-1)(n-2)T(m+n)  (n=-1)(n-2)T(m+n)

: __Bm,ny

ie., L.H.S~(n_1)(n_2)—R.H.S

Cogn LA3ME(2-5) . 61(8:3)
42, 'ealuate (1) 1'(5.5) {ii) ST (23
(1ii) T(=7/2) (iv) P72, =1.2)
> ) r(3)r(2.5) (2')(1-5)(0-5)T(0-5)
T(5:5)  (4:5)(3-5)(2-5)(1-5)(0-5)T'(0-5)
_ 2 _ 2 _ 16
C(4-5)(3-5)(2-5) 9/2-7/2.5/2 315
) 6I(8/3) 6:5/3-2/3-T(2/3) 4
5T (2/3) 5T(2/3) T3
(iif) To find T (—7/2) we consider the relation in the form
T(n) = I'(n+1)

h
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F(ypy = (=52) -2 U(-32) 4TI(-172)

4
-7/2 7 -5/2 35 372

—8I(1/2) _ 16
105 -1/2 105\5

T(7/2)-T(-1/2)

ie., I'(-7/2) =

(v) B(7/2, -1/2) =

r(3)
15 /9.3/7. 1(172)
15/2:3/2-1/2T (1/2) |- =——
= 21
~ _(15/8)Vn--2Vn _ -15%
B(7/2,-1/2) = 5 =3

43. If n is a positive integer or a negative non infeger and K is any positive infeger,
prove that

T{n+k+1y=nu{u+1)(a+2) - -{a+k)(n)
>> Note : We have to first establish the result T (n+1) = nl (n) (D
We shall establish the desired result by the principle of mathematical induction.
Step-1. We shall verify the result for k = 1
When k=1, T(n+k+1)=0(n+2)=(n+1)nT'(n) by (1)
ie., F(a+l+1)=n(n+1)T(n)
This shows that the result is true for n = 1
Step-2. We shall assume the result to be true for k = m
C(n+m+1)=n(n+1)(n+2) - (n+m)I'(n) . (2)
Step-3. We shall prove the result for kK = m+1
FC(n+m+1+1)=T[(n+m+1)+1]
ie., =(n+m+1)C(n+m+1) by (1)
= (n+m+1)|n(n+1)(n+2) - (n+m)(n)| byusing (2)
ie., P(n+m+1i+1)=n(n+1)(n+2)- (n+m)(n+m+1)T(n) ...(3)
Comparing (2) and (3) we can say that the result is true for k = m+1.

Hence by the principle of mathematical induction the result is true for all positive
integral valuesof k.

Thus T'(n+k+1)=n(n+1)(n+2)---(n+k)I'(n)
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o . _ . 1-3-5---2y-1 —
Mo df nis a positive mileger, prove that T'(n+1:2) = ; NTUoaad
2

hence find T(9,2)

>>  We shall prove the result by mathematical induction .

When n =1, LHS = T(1+1/2) = 1/2T(1/2) = 1/2 .1 = RH.S
the resultis true for n = 1

We shall assume the result to be true for n = m

1-3-5---2m-1

ie., T(m+1/2) = N
2

-NT o AD

Now I'(m+1+172)=T{(m+172+1)
={(m+12} V' (m+1/2) - T(n+1)y=nl(n)

1-3-5.--2m-1 —

T(m¥I+1/2) = (m+1/2}. o VT, by using (1)

_2m+1 1-3-5---2m-1 ~

- 2 2”1 T

_ [2(”"{1,__)_._‘1].1‘3'5"'2”1_1{;
2 om

3.5 (2m-1)]2 ~1
b,  T(mFT+12) = 222 (2m m+)1' (mtl)=11 g Q)
2

Comparing (1) and (2) we can say that the result is true forn = m +1

Hence by the principle of induction, the result is true for all positive integral values
of n.

1.3.5---2n~1
Thus [(n+1/2) = ST m
2

Next we shall find I'(9/2)
['(9/2) =T (4+1/2) and by putting # = 4 in the result we get

r(o2)= "2 o 105V
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".7-.\_: oy
45. Prove that o "y e

!

wwhere a0 and u are positive and henee
o

deduce that

. v e ()
(i) Ir o= legg by dy = S os 0

0 :
) 2 2092 -1
where v = am 4l and O = tan  (fea)

L cav -1 . ) [(
(11) J[-’ R AT , ) sma b
{ !

>> Consider I = je#axxnnl dx
0

Put ax =t .. dx = dt/a and talso varies from{0to o

= n-1 e
Hence I = Ie“t(iJ e _ 1 J.e_tt’“}dt _ )
0

2o frd a an aﬂ
p e H— I'(n
Thus Ie ax =1 gy = '--(T
0 a

Now let us replace aby a +ib

J’ew(aﬂ'b)xxn—lde F(”)I
0 (a+ib)

ie., _[e_“x(cos bx—isinbx)x" " ldx = ) (1)
0 (a+ib)"

We shall express RH.S in the form p +ig by using the substitution
a=rcosB, b=rsind

This gives us a+b* =+ and b/a = tan or 0§ = tan_l(b/a)

Hence L) _L(m) T(n) wo

(a+ ib)ﬂ 1‘” em {] rn

ie., [n) :r(n)(cosne-—isinnﬂ) .. (2)
(a+ib)" r"
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Using (2) in the RH.S of (1) we get,

Ie_“x(cosbx-ismbx)x”_ldx = Iﬁ—(;—l—l(:cosrz(&)-isiruvze)

0 r
Thus by equating the real and imaginary parts we get,
Je_“xx"-lcosbxdx = l-‘fﬁﬂ)cosnﬂ and Ie‘“xx"_lsinbxdx= Finn)SMHB
0 0

where 7 = @+ and 0 = tan”l(b/a)

I'in)

H

16. Prove that @ (i) _[.\" 1 cos an dy cos (1T 2)

0 i

iy |
----(--” sin (#7772

4

[="w]
. — 1 .
(i} jx” sin gy dv
0]

>>  Weknow that ¢ '™ = cosax—isin ax

oo

Let us consider I = J-x”_le_i”x dx
0
Put iax =t . dx = dt/ia, t varies from (to oo
AR dt 1
Hence I = I — el = o je"tt”'ldt
ia ia
0 0
1 i 1
[ teioge = Lopny ()

l-?] a}'i

0
In order to express RH.S in the form p+ig,
let [ =r{cosB+isin0)

rcos8 =0, rsinB =1 = rzzl,tan9=ooor8:n/2

Hence i = cos(m/2)+isin(n/2) = ¢ ™2
1 I'(n) _ F(”)g—inn/}l

I'(n) = —
Mgt in n/2.arz a”

Thus

oo {2)
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Using (2} in the R.H.S of (1) we have,

J'xn—lt,—m:cdx - r()t’_)_evinn/Z
0 a

ie., Ix"_l(cosax—ismax)dxzE—(;Q{cos(nn/z)—ism(nﬁ/Z)i
8 a

Thus by equating the real and imaginary parts we get,

T on r o r(n) .
Ix" Vcos axdx = --—(?—)-cos(n n/2) and Jx" lsinaxdx = - (:)sm(nn/Z)
0 at 0 d
1
N ] L 1 N .
47, Show that J-'i log( 17y dip = o
' ]

0
>> Consider LH.S and put log (1/y) = ¢

f

e, 1/y = ¢ ory:e_' d}/:—e"tdt

IfyzO,FI:O =5 f = oo ; Ify=1,e—!:1 = =10
0 oo
LHS = [# " (—ehar= [e 't Tdt = [ (n)=RHS

48. show that J.l'”" [lowy 1 vy ] v = o, where s a positive infeger.
3 I '
1
>> LHS = J.xm [log (1/x)]" dx
0
Put log (1/x) =t or 1/x = el de, x=¢ ' o dr= —eldt

Ifx=0,e_t=0 =t = Fx=1,e'=1 = t=0
0

LHS = [ (™ (- 'yt
t=oco
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LHS = [(ehy"ilptar= fer(metitpy 1)
G 0

Now, let (m+1)t=u - dt =du/(m+1)

i also varies from 0 to o= and hence (1) becomes

LHS = Ie_ ol H ' SN S Te" “ul du
T m+1) (m+1) (m+1)t+]
=0 ¢
1 nf
LHS = — ST (n+l) = - — = RHS
(m+1)"* (m+1)*"

Evaluation of definite integrals by converting into gamma functions

< We need to take a suitable substitution keeping in mind the definition of gamma
function in two of the standard forms :

oo ] o0 2
I'(n) = _[e"‘"‘x"_]dx ; D(n) =2 fe”x gy
0 0

2  Weneed to correlate the value corresponding to #~1 or 2n—1 as the case may
be and find #.

2

i

— e i
9. sShowe that Ny e ¥ dyx j — dy = =
: : NI 282

=]

1} [\l

P o
Let I = I\fy eV dy = j‘e—y v dy S (1)
0 0
I, = jf-\ﬁ;-dl = [e¥ V24 | ()
0 Y 0
- 2
We have %I‘(ﬂ) = Ie‘x 2y ... (3)
Y

Comparing (1) and (3) we have 2n-1 = 1/2 = n = 3/4
L =12-1(3/4)

i

Comparing (2) and (3) we have 2n-1 = -1/2 = n = 1/4
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I,=12.T(1/4)

. 1
Hence the required I, xI, = 1 I'(3/4YT (1/4)

But [(3/4)-T(1/4) = n\2
a2 m
4

=
g
<
I
1l
»N
&

oa )

3 ' 1
50. Show that I\ ¢ b odvx jx‘z e odv= -
) 0

>> Let Ilz Ixe dx
0

Put Bt 8’ dx = dt or xdx = At/8x0

ie., xdx = dt/8(t1/8 )6 or xdx = dt/8>"% t also varies from 0 to oo

_ w—t a1 m—t~3/4

I = je 8t3/4_8I t dat
t=0 0
We have I'(n) = je_xx”_ldx (1)
0

Taking (n—-1) = —=3/4 weget n = 1/4
Hence I, =1/8-1(1/4) o (2)

Let L= Ixz e F dx

0
Put 2* = u . 4ldx = du, e = du/dx or ¥dx = du/4u’?
i also varies from 0 to o=

oa

— du 1 y — ~1/4

I = | == le7"u " du

2 (3'- 4111/4 4 (v}[
Comparing with (1) we musthave (n-1) = ~1/4 or n = 3/4
Hence I2 =1/4-T{3/4) ... (3

1 V2 T
Now from (2) and (3} I, x I, = 32T(1/4)I‘(3/4) =% “Tev
R
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- st
. ¢ PR
51. Show that j e b= NS, > 0
0 v

»> Let J—
; vt
Put st = x .. df = dx/sand x varies from 0 to oo
T de 1 (_ 12
I= —=— |7 dx
J. x/s s s 6[

. N PP — '—
52. Show that V' (n) = 24" J,\"“ T dy

>>  Consider RH.S and put ax? =t - 2ax dx = dt

dt dt dt .
dx = 22x = 5 \/t/a N and t varies from 0 to
B 2n-1 -t dt
RHS = f[ NEa | e
t=0
= 4" O}[M]Z"[VW]_] -t
Nat
0
FEA T y ’
. n 2 N L n _
RHS =a J[a}\| ;e Oj dt = T(n) = LHS
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oo

53. Show that J'L,(En_\ -

£

v N
TR ¢

2 2 ‘
>> Let A28 gy jg—(l -208) gy

oa

‘[(x_“)z“nzldxzeﬂz Ie-(x““)zdx
fa
Put x—a =t o de=dt. f x=a,t=0 and if x = co, { = oo

-
I il
j
f

2
a1

Hence [ =¢ e‘”dt (D

._._,8

But

MI»—\
:
S’

J' 2:1
¢
0

O
Putting n = 172 weget 1/2.T(1/2}) = Je—"‘ dx
0

<2 - 3
V2= Jetde = [ et Q)
¢ 0

2
Thus by using (2) in (1) we get I = V" /2

Evaluate the following integrals

51. '.-\‘; : ¢ * Jy 55. ' "-.1‘ ¥ v o AY
0 v
3 1
56. 00Ty 57, (1ot d
Al i
1 i
58. a7 [log (1243 i 59. |r-logxda
[\ 0
. K Y
60. [2 RAAY 6l |+ e iy
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54. Let I = Ix3/ 25 % dx
0

We have C(n) = J-e_xx"_ldx
0

Taking (n-1) = 3/2 weget n = 5/2
Thus [=T1(5/2)=3/2-1/2-T(1/2) = 3Vn/4

55. Let I = leM e_\&-dx.
0

Put Vx =t or x = £2 . dx = 2tdt and ¢ varies from Qto oo
Hence I = f(t2)1/4g‘f2tdt= 2 jg—tt3/2dt= 2 Ie—tt{S/Z)—ldt

t=0 0 0
Thus 1=2T(5/2)=2-3/2-1/2T(1/2) = 3Vn/2

Put 2x =+ . dx = dt/2 and t varies from 0 to oo

o 6 =] (=]
_ Py —edt 1 0y, 1 —t,7-1
I= Io[zJe 2—27 6{9 tdt—ulzsj‘ t dat
F=

128 128 128 8

57. Let I = [[log(1/x) % dx
0

Note : This problem is a particular case of problem-52 and can be proceeded on the same lines
to obtain the result independently. (n-1) = 3/2 - n = 5/2
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I=I(5/2) =372 12T(1/2) = 3Vn/4

58. Let 1= [x*[log(1/x)} dx
¢

Note : This example js a particular case of problem-53. and can be proceeded on the same lines
to obtain the result independently. Herem = 2, n = 3

nt/(m+ 1)1 =313t = 227

1
59. Let I = [v—Tlogx dx
0

Put ~logx =1 or logx = ~t e, x = el dx = e ta

Ifx:O,e"tz() = t:mandifx=1,e_t:10rt20

0 o w
I= [VE(-etyar = [t 2ar= [etd32 g
Thus [=T(3/2)=1/2-T(1/2) = \n/2

2 2 2
60. Let I = j2_31 dx = J(elog2)—3x dx = J'( 6_31032)" dx
¢ 0 0

Taking k = -3 log?2, I (1)

I
——
ﬂ;‘I

o

=
=L
=

Put kx> = + - 2kxdx = dt or dx = dt/2kx

dt dt
1 . d - = t i o0
te by Nk - o T and t varies from 0 to

dt

: _m—t 1 IRy
o (1) becomes I = r:[;’ AR 6[8 t dt

oa

21y D(172)  Nm

1
2k UI 24Nk 24k

I =
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1 Vi
Th I = =
us 2V3log2  2+log 8

Integrating by parts we have,

=172
1:[(1-8”){1/2/(—1/2)}0 - Jil/z % dx
0

62. Let | = I( logx)de
0
Put logx = —f or x = e"t
0 o~
1= [(-tY(=etydt = - fetedar=-reay = -3
e 0

dr=—e¢ tdtand t varies fromee to 0

Thus I=-6
1 1
63. Let | = I(xlogx)4dx = J.x4(logx)4dx
0 0
Put logx = -t or x = et dx = —e_tdt, t varies from oo to ()
0 -
T= [t =0t (—etary = [
oo O
Put 5t = u

. dt = du/5 and u varies from 0 fo oo

= =] 4 oo
[
ool 8 Gt T
0

=

Hence I

Thus I = 24/3125
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Problems on converting an integral into beta function and evaluation by
transforming into gamma function

/2
We have B(m, n)=2 J‘szm-lecosznqede
0

Putting 2m—-1 = p and 2n-1 =g wegel
m=(p+1)/2, n=(g+1)2
n/2

B{E‘;—l, H_%l} =2 Isinpecosqede
0
i 1 1 1
in? q = lg|prl g31
Jsm 0 cos” 8 d6 Zﬁ[ 5 g .1

Integrals involving trigonometric functions are converted into the above form and in
turn is expressed in terms of beta function. Further some of the integrals involving
algebriac functions are converted into the trigonometric form by a suitable substitution.
Two important forms along with the substitution is as follows.

() (a-x") :Substitution :x" = asin® 0

(iiy (a+x") :Substitution :x" = a tan® 0

It

The integral expressed in terms of beta function is converted into gamma function by
using the relation B(m, n)=T(m) T'(n)T{(m+n) for the purpose of
evaluation.
Remark : W have discussed the evaluation of the integral in (1) with the help of reduction
formulae which is applicable only when p and q are positive integers. But the relation (1) is
applicable in general when p and q are real numbers.

n/2 n2

do
64. Show that [~ x [Vsin® d® = m
o Vsin 0 0

n/2 0 n/2 n/2
. . . —1/2 _ =12 0
>> Let Il = Im = _[sm 6 do = jsm Gcos 040
0 0 0
/2 /2 /2

and L= [Vsin6d0 = [sin'?04d6 = [sin'/?0cos” 6 do.
0 0 0]
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n/2
We have _[sinpecosqﬁdﬁ = %6(}7;—1, ﬂ%—i]
0
1 -1/2+1 0+1 1 1 1
Hence Il = 2{3[ 5 ) J* EB[Z’ E)

1 17241 0+1 1 (3 1
12‘26( 2 72 J“EB(Z'EJ

1
LxL=7B (1/4, 1/2)-[3(3/4, 1/2)
N _ 1T (1/4)T(1/2) [(3/4)-T(1/2)
v T4 I (3/4) I'(5/4)
1 Vi
- Ar(UAT
TV ) T T
Thus LxL=m
n/2
65. Lwvaluate IVcotG dQ by expressing in term: of gamma functions.
0
T2 n/2 /2
>> Let IVCotB o = I ;ﬂde = J.sirf 1728 cos'2 g do

Vsin 6
0

-1/2 1
Hence I:%B[ *1 12+ }

2 T2

_ 1 10 (1/4) T (3/4) ,1_1?,\’2“_‘12
e., I'= [3(1/4 3/4) 9 r(t) 21 N2

Thus I=n/\2

n/2
Note : JVtan 0 d6 is also equal to %
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/2 T2
66. Show that jsin‘ued@ X Isin’”lede = 2—(—;:_1“)'
4] 0
n/2 n/2 1 11
. . 0 +
>> Let I = _[smpedﬁ= Ism”ﬂcos 9d6=53(%,5J
0, 0
n/2 n/2 1 9 1
_ . p+1l _ s pl 0 . pt fal
I, = Jsmp 6d6 = Jsmp 0 cos Gde—zﬁ( 5 ,2)
0 0
PV S ML /2)-T(1/2) T(p¥2/2)-T(1/2)
17727 4 T(p+2/2) I'(p+3/2)

n T(p+172) = C(p+12) ~ .
4 T[p+1/2+1] 4 (p+1I/2)T(p+1/2) 2(p+1)

Thus I, x I, =n/2(p+1)

Fvaluate cach of the following integrais by expressing in terms of gamnnia
functions and verify the answer by applying the reduction formulae.

/2 /2 T2
67. _[Sin6 040 68. J.cos7 & d0 69, IsinJ‘ 8 cos’ 0 46
0 U 0
n/2 /2
67. Let [ = jsin6 040 = J‘sirl6 8 cos® 6 d6
0 . 0

1,7 1) _ 10(7/2) I (1/2)
Hence I—ZB(Z,ZJ—z T (1)

1 5/2-3/2:1/2-1(1/2) _5n
2 3! 'F(m)*sz

I =

Thus I =5rn/32

/2

| e;

By reduction formula : jsin(’ 6do =
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n/2 n/2
68. Let I = _{cos7 040 = J-si.n0 6 cos7 040
0 0

_1.(1 _ 1T (172)r(4)
Hence [ = 26(2, 4] = Z_MF(Q/Z)

Vn - 3! _ 6 16
7/2-5/2-3/2-1/2-Nm ~ 2-(105/16) 35

1
=5

Thus I=16/35

n/2
. o 0gp = 642 _ 16
By reduction formula : Jcos 8do = 753 35
n/2 1 5
- i 3 = =gl 2
69. Let [ = Ism 0cos" 040 = 2[3(2,2J
0
I_lI‘(S/Z)-I‘(Z)_ll r(52)-1 2
2 r(92) T 2'7/2.5/21(52) 35
Thus I=2/35
n/2
(3-1)(2) _ 2

B . l . - 46 3 e o =
y reduction formula Ism cos” 8 d 7.5.3.1 35

Express the following integrals in terms of beta function and hence evaluate
them.

1

1
70. 232 (1-x)"2 dx 71 NI dx
0 4]
2 4
72. [(4-22)2 73 [+ (4-2Y"2ax
0 0

a 2
2
a2 7, A
74. (;".\ a~—x" dx 75. ({\/2_-;‘&
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dx
4
01+3¢

1
76. [Vi¥x/1-x dx 77,

-1

y dx
78 6‘-\&_(1+x_)"

1
7. Let 1= [52(1-x)"2dx
0
1
Wehave B(m, n) = Ix”’"l(l—x)"_ldx
0

Taking m—1=3/2, n-1=1/2 weget m = 5/2, n =372

Hence [ = [3(5/2’ 3/2) _I(52)T(372)

r(4)
[3/2-1/2-%?][1/2-\/5] i
I= 3l =18 " 16
Thus I=mn/16
1 1
71. Let I = |N(1-xVx dx= [xV2(1-x)"%dx
0 0

As above, taking m—-1 = -1/2, n-1 = 1/2 weget m = 172, n=3/2

_  T(2)r(32) Vn-1/2.¥n _n
Hence [ = p(1/2, 3/2) = r2) = I =5
Thus I =mn"2
2
72 Let I= [(4-x*ydx
0

Put x = 2sin® .. dx = 2cos8d8

(4-222 = [4(1-5in%0) % = (2 cos?8)>? = Bcos® 0
0, 2sin® =0 or sin8 =0 = 0=20

2, 2s5in@ 1 = 0=mn72

If x

1l

2 or sin©

=
Il
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/2 /2
Hence I = _f8 cos’ 8.2 cosBd0 = 16 Jcos4 640
=0 0

0+1 441
Now I=16-2B( 5 J—SB[ ]

g L(1/2)T(5/2) 8.Nm-3/2-1/2 \m

I= r(3) = o =3n
Thus I = 3w
4
73 Let I= [x¥2(4-x)"24x
0
Put x = 4sir\29 ooodx = 8sin0cos0d40. O varies from 0 to /2
/2
J(225in*0)2 (22 c0s? 6)2 . 8 sin 6 cos 6 46
0
/2
= [2%5in6. 2% cos® - 2% sin 6 cos 0 40
0
/2
= ol Isin46c0568d9
0
_oll 1a(4+1 641 o
Now [=2 2[3( 5 J~2 3(5/2,7/2)
1_210T(5/2)F(7/2)_210_F(5/2)'5/2F(5/2)
N r(6) - 51
27 3 1
I = o 5 5 FT 91 =12n
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i
74, let I = jx4 \.‘:lzwac"2 dx
0

Put x = asin® .. dx = acos8d9 and 6 varies from 0to 1/2
/2 /2
I= ja4sm48-acose-ac056d9=a6 jsin48coszed6
0 0
6
_ 6 1 _a T'(5/2)-T(3/2)
Now [ =a 2[3(5/2,3/2)_2 T4
, 2
& 3y’ _d 10 nd
T2 3! T8 12 32

Put x = 251’1129 o dx = 4sinBcos0d0, O varies from O to /2

n/24 ) 48 4 sin 0 5 n2
I= Sin \é_czlsne 5V 49 = 82 _[sinSBcoso 846
0 0
1 T(3)r(1/2)
= 2 .= =4 i Sl S, Skt
Now I =842 2{3(3,1/2) 2 F (5725

2!\ 642
5/2-3/2-1/2-Vn 15

Thus I=64v2/15

I=4~2.

1
76. Let I = [NT+x/1-x dx

-1
Put x=cos20 - dx=-2sn26d0 = ~4sin6 cos 040
If x=-1 ¢os20=~-1 = 20 =7 or 6 = /2
x=1 «cos28=1 = 20=0o0rB8=20

Also 1+x =1+cos26 = 2c0528; 1-x=1-=¢c0s20 = 231n26
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0
I= I \/2c0529/25in28-(—4sin6c058)d6
6= n/2
/2 o ns2
= J-E-Of* 4s5inBcosh =4 Ism 0 cos” 0 d0
sin O
0 0
1 F(1/2)r¢322) 2Vr-vn2
I=4.= 1/2,3/2)=2 = =
2B( ) T'(2) 1 T
Thus ==
77. Let I = "EZ
01+x
Put x* = tan®® e, x = tanlf’ze; s dy = 172 tan” 2 @ sec? 0 4o

8 varies from 0to w2

w2 JI/Z
1/2 - tan” Vzesecze sin 1/28
_[ 5 S = = j ——}Z— 0
6-0 sec” 0 o €OS
1 w2 11 172+1 1/2+1
1 . —1/2 1/2 I O P + +
1—2 6[51n 6 cos Bdﬁéz 26[ > s 2 J

10 (1/4)T(3/4) w2 ¢
4 (1) T4 2V2

I= i[}(l/zi, 3/4) =

r dx
7 = |
8. Let I '[x(l+x)
0
Put x = tan®8 .. dx = 2 tan 8 sec 0 40 , 0 varies from0to w72
ft/22 0 28 n/2 /2
1= [ 2R 009 -0 [1de =2 [sin6cosC0d0
0-0 tan 0 sec” O 0 0
1 L(172) T(1/2) _ = = _
VNow I=2 2[3(]/2 1/2) £l nVn =nm
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‘m_l
79. Show that f(m, n) = _[“ - gy

( 1+ )m+ "
0

>> Consider RH.S and put x = tan” 0.

dx = 2 tan 6 sec® 40 and O varies from 0 to 7/2

/2

-1 2
RHS = [ (tan’ )" 2ta+nesec 0
0 (sed §)"H"
w2 2
2m-2+1
t 040 i ]
= j- an P =2 Itan2m 1g. cost™*21-2g 19
C2m+ n-2 g ;
n/2
o 2m—1
e —
=2 sz_“l_cosznwm 20 40
o™ g
n/2
=2 Isi =19 cos2" 18d6—[~}(m 2y = LS.
0
= xm—l

Th  n)= [
us B(m, n) (;[(1+x)m+n

= n-1
Note : B(m, n) = J‘Azcw———dx, since B(m,n)=Pp(n,m)

0(1+x)m+n

Remark : This expression can aiso be regarded as an alternative form of the definition of
the beta function and it will be quite useful.

D

80. Show that B(m, n) = I(‘i{_\ ),,,+,, iy
0

Note : We have to first establish the expression for B (m, n) as in Problem-79.

oo 1 o0

m—1 m—1 m—1

J“—}‘—;mdx= J‘x—dx+ J- x

T (L
o (1+x g (T+xyt*m T (L+x)m*?

B(m, n)

H

1‘1+I;2 (say)
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oo

m-—1

Consider 12 = I—“E——" dx
Put x = IVy - dx = —(1/)dy. If

0
AP 7 s Vel
2 : (1+1/y)y"+"

m+n, m+1
/

= }y—i—dw If

x=1,y=1;, x =0,y =0

1 1/ m+1
_»E__dy

Y

0 (y+l)m+n 0 (y+1)m+n Yy
The variable of integration is arbitrary in a definite integral, let us change v to x.
24 Iy 24 ge y
1 xn-—l
Thus I, = |—————dx and B(m, n) = I +I
2 g(L+x)m*" 12
1 i
m-—1 n-—1
Blm, n)= =Sy J ==
0(1+x) 0(1+x)
1
m-1 n—1
Thus B(m, n) = Jx X
. (1+x)m+n

=1

ha 15
) X

81. Groeen that j(l sm; -
s H

dx
+x)
for 0<m<1

= m—1

>> We have B(m,n)=_[ ad

Lo show that I'(m)

I'{1-m) = N L

sinmmn

- X
O(1+x)m+n

Taking n = 1-m we have,

oo

m—1
ﬁ(m,l—m)-—— 'E-1+x)dx:
0]
. F(n:)F(l—m)_ T
il r(1) " sinmn
T

Ml

ie., '(m}'(1-m)

sinmmw

7 by data.
sinmn

301
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Corollary

1 m

= = V2
sin(m/4) 142

Put m =174 : I'(1/74)1(3/4) =

“ -~y ﬂ:
Put m = 1/3 : T(1/3)I'(2/3) = ;i{n(fz/a) =32 3

Put m

il

2
172 {0 (12) =-—T—=n . [(12)=1"r
)

oo

82. Using I'(p)I'(1-p) = n/sinpn show that j - o dx 3
1+x
0

< .4
>> Let I= jfx?dx
01+x

. 1 -~
Put x° = tan® 0 e, x = tan”’20 - dx = 3 tan 23 §sec? 0 d6

0 varies from 0 to /2

w2 e
tan*?0-1/3 tn ¥ 0sec’0 o

I = s

scc2 5]

8=40
n/2 ] n/2
= j- tan®3 0 d6 = ~ _[ sin?? 0 cos 2> 0.d6

3
0 0

11lg 2/3+1 =2/3+1 _1g(5 1
3 2 2 72 67676
10(5/6)T(1/6) 1

6 r(1) 6

0=

Now [

Hence I = T(5/6)T(1/6) ' R

il

But T(p)T(1-p) = n/sinpn bydata. Put p = 1/6

I(1/6)T(5/6) = n/sin (1/6) = 1/(1/2) = 2m

Now (1)becomes I = 1/6-2m
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2
83. Evaluate J (8-23 ) V3 gy
0
2
>> Let I= J‘(8—x3)~1/3dx and put x> = 8sin® 0
0
ie., x = 2sin® 30 dx = 2-2/3 .sin” V3 8 cos 6 do
If x=0,8sin°0=0 = 6=0
Xx=2,8sin°0 =8 = 0=n72
n/2
I = f(scosze)‘“?’-%sm*“ecosede
0=0

2

4 _

:3- _I. 2/3E}sin 1/36c050a’8
0]

/2

= 2 Is “136cos'? 040

3 0

2 1,(-1/3+1 1/3+1) 1.(1 2
Now 1‘3'26[ 2 172 ] 3 (3’5}
F(1/3)r(2/3) 1 2=

3 (1) 3 V3 7 3.3

Hence [ =

84. Lxpress J.x'"(l—x”)’)dx tunterms of beta functions and hence evaluate

0
1
Il (1- 23 mdr
0
1
>> Let I= [x"(1-2")Pdx
0

Put x" = sin’8 or x = sin?" 8 - dr = 2/n-sin' ")~ 1 6 cos 6 46

68 varies from0Oto n/2.
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/2
1= Ismznz/"GCOSZPG-Z/n-sin(z/")_lecosedﬁ
=0
n/2
- % Isin(Zm/rHZ/n—l) 0 C052p+19d9
0
2 1, 2m/m+2/n 2p+2 1 (m+1
Hence I-—n-zﬁ( 5 ) J_nﬂ[ " ;P+1J
Also by putting m = 5, n = 3, p = 10 we get
1
530, - 1 _1r(2)rdiy
6[3((1 ©)0d= B2, 1) = 5 LS
1
1 urqgi) 1

T3 12x11T(11) 396

0
1 1
85. Show that jﬁi‘\rz—m dox [T
o g V1=t v : Visad V2
1
2
>> Let I = I al 4dx
Put x* = sin’0 or x = sin'’28 - dx = 1/2 sin” ?@cos 8 do.
8 varies fromOto 7/2.
"7 sin0-1/2.sin” 20 cos 0 1"
~ sin @ - . sin COos 1 . 1/2 a
I = I o5 0 do = 5 Ism Ocos 0do
6=0 0
1 1 172+1 0+1 1
Now 11_2-2[3[ 5 ,T]=Z{3(3/4,1/2) NG
1} y
x
Let L =
2 0\4'1+x4
Put x4 = tan26 or x = tanl/ 26

dx = 1/2 -tan” V2 0 sec” 640

If x=0 tan’6=0 = 6=0: x=1,tan’08 =1 = 0= n/d
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n/4 /4 .

. f L2t osec’o 1 I sin" 29 1
b0 sec 2 o cos 2 cos®
n/4

1 . —1/2 —1/2
5 J sin 0 cos 0 40

il

n/4
1

2 I\"Sl nB cos \f2 I\f 26

Nowput 26 = ¢ . 40 = do/2 and ¢ varies from 0 to 7/2

n/2 /2
_ L d¢'/2 172 0
Hence I, = N3 :l‘ ine 2\/« _[sm dcos ¢pdd
1 1 -1/2+1 0+1 1
12"2\/2"23( 5T ]—4\{2—{3(1/4,1/2) Q)

From (1) and (2) I; x L = 16_1\/—2— B (374,1/2). B (174, 1/2)

_ 1 _T(34)r(1/2) I(1/4)r(1/2)
T 16V2  T(5/4) I'(3/4)
1 v

T
16V2 1/4-T(1/4) L(1/4)vr 4V2

Thus I1 ><Iz=‘n:/4\/5

B6. Show that J’(1+x)P""](1—x)'7"1dx=2’”‘7-] By, q)
-1

>>  Put X=c0s20 o dyr=-2s5n20d0 = —45inBcos b J0

If X=-1 ¢cos20 =-1 = 20 =m or O = /2
x=1 cos20=0 = 20=0or 6 = 0
o
LHS= 1= [(14+c0520Y 1 (1-c0s20)7!. (= 4sinBcos0)do

w2
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n/2
T= [(2cos?0) 1 (25in6)7 1 225in 0 cos 8 d0
0
n/2 1
= 279 fco® losin®"lode = 712 B(q, p) = RHS
0

Thus I=2"*1"18(p, q)

: [k oo Dl
87. Show that J N ol ‘ .1 B
o V- (b2

i

>> Put X" = sin?@ or x = sin” " @

dx = 2/n-sint 2"~ 18 ¢cos 0 d6,0 varies from 0 to 1/2

Tt/22/11Asin(z/'f')_lf)cose
LHS = I= | 4o
cos B
a=0
21t/2
I =— I sin(z/”)_lecosoede
H |
0
2 1 (2/n-1+1 0+1 1.1 1
Now 1_11'2BL 2 r2 ]_nﬁ(n’2]
1T(1/n)T(1/2) ~rn T(1/n)
Th [ = — == e - RHS
us n C(i/m+172)  n [(Vn+1/2)
|

88. Show that j\-"] I L B
{

4

>»>  Put x 1/26

= sin28 or x = sin

dx = 172 -sin” % 8cos0d6 and 6 varies from 0 to /2
/2
LHS =1-= j cos@%sin"l/zecosede
0=0
/2

I sin” Y2 0 cos® 0 d6
0

1
2
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1. (-1/2+1 2+1 1 3
Now I = '25[ 2 2 J__B(4 2]

1
2
1 (1/4)I(3/2)
4

Thus I = zl.r(m)-\fﬁ/z:«f_g?r(1/4)=RH.s
r(7/4) 4 3/4T(3/4) 6 T'(3/4)
4
89, Showe that J.‘\'”‘ L=y = ; B(m2, i
(}
>> Put x =sinf .. dx = cos0d0.0 varies from 0 to /2
n/2
LHS =I= | sin" "0 cos™ 720 cos 08
0=0
w2
Thus LHS = | sin?(™2)~1gcos2"~1 g g = % B (m/2, n) = RH.S
0
w2 -
o Vo F(1/4)

0. Show Hint iz =
\Etsm 6 1 I(3/4)

/2
do

>> let [ = | ———m—
OI\/2—sm29

Put sin26=25in2q5 ie, sin® = V2sing or 8=sin‘l(\f2—sin¢)
1 \/_«coscb
8 = V2 cos o d —

N1 - 25111(1) 2cosgdd = 0s2¢ a0

If 8=0, sin0=Wsing i, Wsing=0 = ¢=

6 = n/2, sinm/2 = \2sind ie, sing =12 = o= w4
n/4 n/4
f V2 cos ¢/Vcos 2 ¢ Jo - I ! a6
- V2 cos ¢ - y Veos2o
Nowput 2¢ =t - d¢ = dt/2. ¢ varies from0to n/2
/2 /2
a2

Hence I = IW _[sm t cos -172 t dt
O
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11 0+1 -1/2+1 1 1 1
Now I=7" 23[ 2 2 J‘ZB(E'ZJ
1T(1/2)(1/4) o T(1/4)
Thus [ = - = =
4 T (3/4) 4 T'(3/4)
« l_m—l
91. Show that B(m, n) = §— ~-~~-~dx and hence show that
0(1+x)”l+”

®.3,4 .5

A=y,

g (1+x)

>>  The first part is already worked out in the problem - 79.
b 3 - 8

Nowlet [ = J-;x“]*g dx — J‘_X—B dx
o (1+x) 5 (1+4x)

X
—dx
6[(1+x)4+9 {'][(1+x)9+4

e, I=0(4,9Y-B(9,4). But B(m, n)=8p(n, m)

Thus we have, I = 0

92, Given that cos(1/5) = \fs__;—l and sin{(®/10) = \f5—41 show that
T(1/5)7(2/5)T(3/5) (4/5) = 425
>> We know that '(m)I'(1-m) = n/sinmn
Putting m = 1/5 and m = 2/5 in this result we have
F(1/5)(4/5) = n/sin(n/5) and T (2/5)1(3/5) = /sin(27/5)

Multiplying these two results we get,

1'.:2

in(n/5) sin(27/5)

(1/5)T(2/5)T(3/5)T(4/5) = ()

Now sin(mn/5)sin{(2n/5)

1
= sin36" - sin 72° = 1 cos (— 36" )Y —cos (108°) | = =| cos 36" —cos 108°
2 2

But cos 108° = cos (90" + 18°) = —sin18°
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sin{n/5)sin (2n/5) = %[cos(n/5)+sin(n/10)}
_1B+1 B-1] A5
) R R R
Hence sin(n/5)sin(27/5) = V5/4 . {2)

Thus by using (2) in (1) we get, I'(1/5)r(2/5)r(3/5)r(4/5) = 45

EXERCISES
Evaluate the following [1 to 6]
1. Ixf’ e 3% dy 2. Jx* 774 = gy
0 0
= 2 - 2
3. _[x4 e~ dx 4. _‘-a_ bx iy
0 ¢
! r(3)r(s/2)
5. Jﬂlogxdx 6. T (1/2)
(-1)y"2"vm

7. Show that r("n+1/2) = 1-3-5-..2n-1

8. Prove that :
(i) jcos(axl/”)dx=%F(n+1)cos(nﬂ/2)
0 24

oo

i) [sin (ax'")dy = l”F(nJrl)sin(nﬂ/Z)
0 4]

2 oo
-y .

e _y n
\Gc—dxxé[e xzdx:m

9. Show that |
0

= 2 2 {
—a - T
10. Show that {_)'-e dx = 5
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Evaluate the following by expressing in terms of beta function [11 to 14}
/2

11. Isinv 2y cosB/ 2 xdx 12. j X 6dx
0 01+x
2 o0
13, [x(8-x")"3ux 1. j——i;—sdx
0 o (1+x7)
15. Find B (1/2, 7/2) 16. Find P (5/6, 1/6)
+a

17. Show that I(a+x)m_1(a—x)”'ldx: (22" 18 (m, n)

-1

o n—1 1
18. Show that _[ dx = —B{(m, n)
0 (x +a )m +H an
T dx T (1/4) P
. Show th =
19. Show that 0\[;4_—3(4- T
n/2
20. Show that I tan” 8d0 = %sec(pn/Z)
0
ANSWERS
1. 80/243 2. 8n/3
3. 3Vn/8 4. Vn/bloga
5. —4/9 6. 16/315
11, /42 12. /33
13. 16 1/9V3 14. 51/64V2

15. 5n/16 16. 2w
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<2§ Unit - VI

Vector In t‘fgg'ration

Elj Introduction

Basically Vector is a quantity having both magnitude and direction. Vector quantities
like force, velocity, acceleration etc. have lot of reference in physical and engineering
problems. We are familiar with vector algebra which gives an exposure to all the basic
concepts related to vectors.

Differentiation and Integration are well acquainted topics in calculus. Further we have

already discussed vector differentiation and with the knowled ge of all these topics we
discuss Vector Integration.

6.2] Vector line integral

Consider a curve C in space which consists of infinitesimally small line elements of
length dr. Then the line integral of a vector A'( x, ¥, z) along the curve C is defined

to be the sum of the scalar products of A and d7 and is represented by I A dr

C
If C isa closed curve which do not intersect any where, the line integralaround C is

denoted by (ﬁ A-dr
c

is the force acted upon by a particle in displacing it along the curve C then

If F
P4

| Frar
C

of F about C where F represents the velocity of the fluid.

represents the total work done by the force. It also represents the circulation

I?) is said to be irrotational if (ﬁ I~T> d ;")= 0
C
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WORKED PROBLEMS

= . . =, .
1. If F=xyityzj+zxk, evaluate I Fdr where C is the curve represented by
C
x=t,y=t% 2=t —1<t<1.

>>  Wehave ?=xyi+yzj+zxk and r_>=xi+yj+zk will give
— ‘ )
dr=dxi+dyj+dzk
Fdr= xydx+yzdy+zxdz
Since x=t,y=t2,z=t3bydata,weobtain

dx = dt dy = 2tdt, dz = 3t° dt

Thus Fod7=t3di+t7(2t)de+t*(3t2)at
e,  Eodr=(t3+2t%+3t0)dt = (£3+5°)dt

1
[rar= [ (£3+5t%)ar
C t=-1

™

2. Evaluate j F-dr where F = xy i+ ( X+ yz )j along

C ‘
(i) the path of the straight line from (0, 0) to (1, 0) and thento (1, 1)
(ii) the straight line joining the origin and (1, 2)

>> j‘f—:?dr_)=‘|‘xydx+(x2+y2)dy (D

C C
b

G | FPdr= [FPark [Par Lo YV
C OA AB

Along OA 1y =0 B(lLLD
dy =0 and 0=x<1

From(1) [ Frd7 =0 .G p

y

0A Blo0 > 0.0 "X
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Along AB :x =1 .. dx =0 and 0y <1. Again from (1)

1 1
Fdr= _|‘0+(1+y2)dy:{y+‘§l =1+%=§ 7Y
AB y=0 =0
Using (3) and (4) in (2) we obtain | Fd7 - o+§ =§

C
(1)) C is the straight line joining (0, 0) and (1, 2)
The equation of the line is given by i—_—g = %:_8
ie., y=2x . dy =2dx and x varies from 0to 1

1
Hence from (1) _[I-T) ar = _[ x-2xdx+(x2+4x2)2dx
x=0

]

3. 0f = (3x2+6y)i—~14yzj+20x§k, evaluate J‘I?)dr_) from (0, 0, 0) to

(1, 1, 1) along the curve given by x = t, y = tz, z =3

>> ?=(312+6y)i—14yzj+20x22k

)

dr=dxi+dyj+dzk

)

A7 = (3x2 +6y ) dx ~14yzdy+ 20xz° dz

i

Since x = £, y = t°, z = t* weobtain dx = df, dy = 2%dt dz =324t

1l

Fodr= (3t2+6t2)dt— (14t %) 2t dr+ (2067 ) 3t 2 dt

le,  Fidr=(9t2-28t%4+60t%)dr ; 0<t<1

1
[ Prar= [ (9t2-28t%+ 60t %) at
C =0
ro.3 7 1071
Thus | F d?:h%—zs%mo--t—ﬁ =3-446=5
C t=0
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4. If F= x2i+xyj evaluate _[ Fdr from (0, 0) to (1, 1) along
C
(i) theline y = x (ii) the parabola y = Vx

F.

>> dr = X dx+xy dy

(i) Along y = x : wehave 0<x<1 and dy = dx
1 1 1 2x3 1 5
= . 2 9
[Par= [ Pax+ | 2ax = [ 2 dx{TL:g
C x=0 x=0 0

(ii) Along y = Vx y2 = x and 2ydy = dx, 0<y<1

5. Find the total work done by the force represented by F= 3xyi-yj+2zxk in
moving a particle round the circle 2+ qz =4

>> Totalwork done W = j ?-dr_)
c -

2+ yz = 4 can be represented in the parametric form x = 2cos 6, y = 2sin6 and
z=0. 0£6<2n

W= _[ F.dy= J3xydx—-ydy+22xdz

C
2n n
W= | 3(4c0s85in6)(-2sinB)d0- | 45inBcos0d 0
6=0 8=0
21 2n
= —24 fsi? 0cos 6402 [sin2048
0 0

0" [—cos26 "
—24 5 ) TCoscY _—
37, 2

Thus the total work done is 0
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6. If__ghe acceleration of a particle at any time t is a=18 cos 3ti—8sin2tj+6tk
and o represents velocity and v represents displacement which are zero at t = 0,
find v attime t>0

= d27
>> =~ = 18cos3ti~8sin2tj+6tk
dt
= - dr
r=0and z'= i 0 when ¢ = 0, by data.
2= —
— d°r" d (dr o
a —?— dt( 7 ] and this implies that
7 -
5 =0= [(18cos3ti-8sin2tj+6tk)dt
ie, U= 6sin3ti+dcos2tj+3t2k+e (1)
Since 7= 0 at ¢ = 0, (1) becomes 0= 4j+c—> o o= —4f
a7’
Hence z—f_)=E=6sin3ti+4c032tj+3t2k—4j

Integrating w.r.t t again we get
7= —2cos3ti+2sin2tj+t3k-4tj+d @)

But 7 = 0 at t = 0 and hence (2) becomes,

0_>= —2i+d_>.-. cT): 21,

Thus 7= 2(1-cos3t)i+2(sin2t-2¢)j+ t3k, at any time ¢

7.1 :2.\122,F=x11—z +1°k and C is tkecunwx:t?', =2t,z=t3
. y y 7 Y

from t =0 to i =1, evaluate the following line integrals.
i [ odr i [ Pxar
C C
>>  dr=dritdyj+dzk
e, dri= (2ti+2j+3t2k)dt
=2.42.2¢.4% = 47

]
odr= (895489 +126 W k) ar
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1
G [ odr= [(8t10iv8eje12t Myt

C t=0
1 1 1
N S IR Tl P
B EE TR R ATy K 12
-3 . 4,

Thus éf(t)dzv-lli+5)'+k
i) F= 2630t +t%k .

[ Pxar= | Fx itfdt

C C

. dr_) : k

Fx == 1ot7 -4

20 2 32
= i(=3t0 -2ty —jet -2y rk(atd+2tt)
1 1 1
[ Pxar= [(=3t5-26%yiar- Jar®jar+ f(ar®+2*ykdt
C f=0 t=0 t=10
1 1 1
_ ["Q_Zili_{f_ﬂ j{mzi} )
2 5 6 ), 5 |

Thus | Fx dr'= (-9/10)i-(2/3)j+(7/5)k

C

6.3| Surface and Volume Integral

Surface integral

An integral evaluated over a surface is called a surface
integral. Consider a surface $ and a point P on it. Let
A be a vector function of x, y, z defined and
continuous over S.

=D

If 7 is the unit outward normal to the surface § at P
then i)he integral of the normal component of A" at P 0)}—i i ;
(ie., A7 )over the surface Sis called the surface integral P

v

written as _” A-fids where ds is the small elemental

5 ;
. ) X
area. To evaluate a surface integral we have to find the R %Z e
double integral over the orthogonal projection of the
surface on one of the coordinate planes.
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Suppose R is the orthogonal p.ojection of § on the xoy plane and 7 is the unit
outward normal to S then it should be noted that 7 - £ ds (£ being the unit vector along
z-axis) is the projection of the vectorial area element 71 ds on the x o ¥ plane and this
projection is qu ual to dx dy which being the area element in the xo plane. That is
to say that #-kds = dxdy. Similarly we can argue to state that 7 - Jjds = dzdx and
n-fds = di ydz. Al these three results hold good if we write

nds = dydzi+dzdxj+dxdyk
Sometimes we also write, B = nds = % dydzi
Volume integral

If V is the volume bounded by asurfaceandif F(x, v, z) isa single valued function

defined over V then the volume integral of F(x, y, z) over V is given by I“.FdV.
v
If the volume is divided into sub elements having sides dx, dy, dz then the volume

integral is given by the triple integral IIIP(x, Y, z)dxdydz which can be
evaluated by choosing appropriate limits for x, v, z

We now proceed to state three integral theorems

6.4] Green’s theorem in a plane

Statement : If R is a closed region of the x - y plane bounded by a simple closed curve C
andif M and N are two continuous functions of x, y having continuous first order partial
derivatives in the region R then

(]5 Mdsx + Ndy = jI(a—N—%dedy

6.5| Stoke’s theorem

Statement : If S is a surface bounded by a simple closed curve C and if Fis any
continuously differentiable vector function then

¢ Frar= [[ewl P has = [[(v x F)-fas
¢ S

5

6.6| Gauss divergence theorem

= , ) .
Statement :If Vis the volume bounded by a surface S and F’is a continuously differentiable
vector function then

[{{aivFuav =[P has
v s

N " .
where n s the positive unit vector outward drawn normal to S
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WORKED PROBLEMS

8. Verify Green’s theorem in a plane for (f (3% - 8y2 Ydx +( 4y - 6xy ) dy where
c

C is the boundary of the region enclosed by y = Vx and y = x?
>> We shall find the points of intersection of the parabolas y = Vx and y = &
ie., Vx =2 =x=x* or x(¥°-1)=0

x = 0, 1 and hence y = 0, 1. The points of C VX Lo
& ) Yy =X
intersection are (0, 0) and (1, 1) ; y ;
(0, 1) [t
Let M =3y -8/, N = 4y—6xy (LD
R/
eM dN i
—— =—16y; — = -6 L
dy 7 ax 4 ©.0fo (.0

We have Green'’s theorem in a plane
OoN oM
Mdx + Ndy = — ——— |dxd
g waceniy = (] 5550 axi

LHS = cﬁ Mdx+ Ndy
C

= [Mdx+Ndy+ [Mdx+Ndy = I +1, (say)
0A AO

Along OA 1y = 2, dy = 2x dx, x varies fromQ0to1
1

I = | (32 -8xtydx+ (- 6x%) 2xdx
x=0

1
1
= [ (32 +83-20x ) dx = [x3+2x4—4x5]0 = -1
x=0

Along AO :y = Vx or x= y2 = dx = 2ydy, y variesfrom1to0.

0
L= | (3y*-82)2ydy+ (ay -6y ) dy
y=1

o
11
= f(4y—22y3+6y5)dy= [2y2"”2“y4+y6}0
1 i
11 5
2——2“+1} = “2“

0-
Hence LHS = lr.l+I2 =-1+5/2 =3/2
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dN oM
Also, RHS = I}!{B?_—Efy—)dx dy
1 Vx
= [ [ (-ey+16y)dydx
x=0y=x2
1 ﬁ Vx
= j 10[ ) l 2dx
x=0 =X
1
=5 _[ (x~—x4)dx
x=0

1
g2 ] _(1.1)_3
B 2 5 "2 5] 2
Thus we have L.H.S = 3/2 = RH.S and hence the theorem is verified.

Note : Suppose in the problem, we are asked to evauluate the line integral using Green's
theorem we need to do only the R.H.S part of the theorem for obtaining the desired result.

9. Verify Green's theorem for Cﬁ {xy +y2 )dx + dy where C is the closed curve
-

of the region bounded by y = x and y = ¥’

>>  Weshall find the points of intersection of y = x and y = x°.

Equating the RH.S we have, x = ¥ or x(1-x)=0=x=10,1
¥ =0,1 and hence (0, 0), (1, 1) are the points of intersection.
F O

(1. 1)

=L/

0.0 W0
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We have Green's theorem in a plane,

[ Mds+Ndy = ”[E’N %Aj)d day
C

_[ (xy+y2)dx+x2dy = J‘(xy+y2)dx+33dy+ j-(xy+y2)dx+x2dy = [, +1, (say)
C OA AQO

Along OA wehave y = 2 dy = 2xdx and x varies fromOto 1
1

= I(x-x2+x4)dx+x2-2xdx

x=0
1 1 1
4 5
- edyar =3l Sl E] 23,108
_I(3x + X )dx—3|:4}+\i51—4+5— 0
x=0 0
Next, along AOwehave y = x .. dy = dx and x varies from1to 0.
0 0 0
= I (x-x+x2)dx+x2dx= j 32 dx = [x3}1 = —1
x=1 x=1 ’
19 -1
Hence LHS = I, +1, = 20 -1 =%
To evaluate the RH.S we have M = xy+y2, N=2x
dN M
Fy 3y =2x—(x+2y) = x-2y

R is the region bounded by y = x2 and y = X

J‘I[%T aA;Jd d‘f— j !(x 2y} dy dx, from the figure.
R

y:x

il
DI___."—‘ [ S [

|
=
=
|
o

&
i

=
o
N
>

=
o

(xz—xz)—(x3—x4)]dx

1
5 4
x X i
(-2 dr = {?‘ZL =5

-
jen’

Thus the theorem is verified.
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10. Verify Green's theorem in the plane for _f (0 ;/2 ydy + 3’ v dy where C is
;
. 200 . "
Hie civele x“+y™ = 4 traced in the positive sense.
aM

>> I Mdx + Ndy = “‘{ %—1: - —a—yr} dxdy (Green's theorem)
C R

LHS = _[ (P + y2 ) dx + 32 ydy and the parametric equation of the given circle is
C
x=2cos8, y =2sinB, 0<60<2n

0

~ 70X
4 T - B
8(c052n—c050)—48{cos Jz =0 \

2n 27
LHS = | 4(-25in0)d0+ [3 (4cos?0)(25in0)(2cos8)d0
8=0 6=0 AY
2n X:H:' 4
_ 21 3 .
= 8[cos 02"+ 48 [cos® Bsin 8.4 X

4

cos2n =1 = cosl

Nowif M = ¥+ N = 3x%y then Q-%—%—A;=(6xy—-2y)
dN oM
RIS = J‘J.["a—x— ay]dxdy
R
2 4—f
=j 'f 2y (3x—-1)dydx
xw=--2 y=—V4—f
2 Va2
-feenly e e
x=-2
2
RHS = | (3r-1){(a-+")-(4-22)} =0
x==2

Thus the theorem is verified.



322 VECTOR INTEGHATION

11. Employ Green's theorem in a plane to show that the area enclosed by a plane

L1 .. .
curve C is 5 (§ xdy—ydxy and hence find the area of the ellipse
C

VI

>> We have Green’s theorem in a plane

dN JdM
| Mdx+ Nay = _”{ax—ay]dxdy )
C R
Area enclosed by a plane curve C is j Idxdy . (2)
R
me N =X Mo n ON_OM 1 (1)
TakmgN—z,M—zweobtamax y-z(zj—l

Hence (1) becomes

%CJ' xdy—ydx = J!dxdy = Area(A)

Now to find the area of the ellipse xz/a2+y2/b2 =1 we have
x =acosB, y=bsin® ; 0<0<2n

dx = —asinB®d®, dy = bcos6d0

n
A=% I[acose-bcosB—bsinB(—asinG)]dB
6=0
| b
. 21 2 2 _ag T
e, A= zejoab(cos 6+sin”0)d6 = [eﬁ = mab

Thus the required area (A ) = ®ab sq. units.

12. Find the area between the parabolas yz = 4x and ¥ = dy with the help of
Green’s theorem in a plane.

>> We have the area

A= _”dx dy = % _[ xdy-ydx [Refer the previous problem]
C

Let us find the points of intersection of y* = 4x and 2 = 4y

2
ie., (§]=4xorx(x3—64)=0:>x:0,x=4 Loy =04
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The points of intersection are (0, 0) and (4, 4 ).

C, is the curve = y - dy = %dx and 0<x<4

C, isthe curve y2 =4x .. dx = %dy and 4<y<0

1 1
Now A= 5 dey-—ydx +5 _[xdy~ydx

0
[ X f]dx+ I (ﬁ—ﬁ]dy

13. Find the area of Hie astroid :x = a cos™ 8§, Yy o= sin 0 by employing Green's

thearem, Ay

>>  The shape of the astroid is as shown in the figure. (0, w)
Total area A = 4 (area in the first quadrant) /\ R

{~a 0) {w. 0y X

1
A=4x —2-_[ xdy—ydx
C
{0, -

/2
A=2[[acos®8(3asin?6cos0)-asin® 0 (~3acos? Bsin8) 6
0
w2
A= 6a° jsmzecosze(c0528+sm29)d8
0
/2 1.1
A = éa° _[sinzecoszed 0 = 622 Z—z-g by reduction formula.
0

Thus the required area = 3 a%/8 $q. units.
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14. Fvaluate j (xy —-_xz)d.\‘+x2 1y dy where C is the closed curve formed by
C
y =0, x =1 and y = x (a) divectly as a line iutegral (D) by Green's theorent.

(a) Let M = xy—xz, N = x2y

| Mdx+Ndy = [Mdx+Ndy+ [Mdx+ Ndy+ [Mdx+ Ndy
C OA AB BO

Ay

(i) Along OA 'y = 0=>dy = 0 and 0<x<1 }
I
(i) Along AB : x =1 = dx=10 and 0<y<1

(iii) Along BO : y = x = dy=dx and 1<x<0 )
1 1 Y
j de+Ndy— I—xz dx+ jya’y+ Ixe'dx ©.0fo 7 A1, 0 ¥
C

[ L ﬁH -

é[(ch x)dx+xy —12

(b) Wehave Green's theorem _[ Mdx+ Ndy = JI (%l:- - %} dx dy
C R

RHS = Ij( 2xy-x)dxdy
R

1 x
= j _‘- (2xy—x)dydx, from the figure.
x=0y=0
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- . . - e 3 - .
15. Verify Stoke's theorvem for e vector I = (?(2 + _1;2 Ji=2vyj taken round the
rectangle boundedby x = 0, x = q y = 0, y=7>

>>  We have Stoke’s theorem : @ qu_)vd;_)= _”(V X ?)-ﬁds
C
5

Flar= (P+y)dx-2xydy Ay

A

Bla, by

()
SN
(jgjp.dr = I+ L+ +1, (say) (0. 0)

,
v

Al Oy x

(i) Along OA ¥y =0=>dy=0 and 0<x<a

g 31 3
X a
Il=fx2dx=|t§"J0=€

x=0
(ii) Along AB :x = a=dx = 0 and 0<y<b

b

I = I—2aydy = [—ayz]z = —ab?
y=10

(i) Along BC :y = b = dy=0 and a<x<0

¢ 3 O 3

- 2 = X2 -2 2
Is—f(x2+b)dx~|:3+beﬁ 3 ab

=

il

(iv) Along CO :x =0 = dx=0 and b<y<0

by
I
)
<
.
=
il
<

—abz—a——abz = - 2gb? ...{1)

o
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i ik
= d d d

Now, V x F'= 3 3y 3z =k(-2y-2y) = —4dyk
xz+y2 -2xy 0

(V x F)-hds = (—dyk)-(dydzi+dzdxj+dxdyk) = -4y dxdy
_”(V X I—T>)ﬁds = II—4ydxdy

5 R
a b
=—4I J ydydx
x=0y=0

a b
-4 j {-‘éldx = -2 [x] = —2ab?
x=0

Hence we have, IJ( V X 1?3 Ads = -2ab® : . (2)
5

Thus from (1) and (2) we conclude that the theorem is verified.

16. Verify Stoke's theorem for ['= yi+zj+xk where S is thhe upper half of the
sphere A yz +2% =1 and C isits boundary.

»>> We have Stoke’s theorem I ? d7= churl .7 ds , C is the circle in the
. C S
x —y plane whose centre is the origin and radius equal to unity.

That is xz+y2 =1,z=0o0r x =cos6, ¥y =sinf, 0£0<2n

I Fdr = j ydx+zdy+xdz
C c
2n

= [sin6. (-sin6)d® (- 2=0,dz=0)
a=0
2n 2n . T
= J-sintodn = [<22272 40 = %[S‘nze—eT = -
6=0 6=0 0
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Hence we have, LH.S = I f} d 7)= -7
C

i j ok
= = d d 4 .
Now, curtlF'=V x F'= 3x 3y 22 = ~i—-j-k
y z x

“.Scurl Fiids = j_[curl P & wherewe have,
5

B = dydzi+dzdxj+dxdyk

[[cuntPofias = [[-axdy (. z=0).

s s

But _”dx dy represents the area of the circle x*+ y2 = 1 which is equal to 7 since
r=1

Hence RHS = IICMI? fds=-n . (2)
5
Thus from (1) and (2) we conclude that the theorem is verifed.

17. Verify Stoke’s theorem for F= (xz+yz}i—- 2xy j taken round the rectangle
bounded by the lines x = £a, = 0 and y=h

>> I Fdr= _H curl n ds [Stoke's theorem]

c S
| Par= [Favk [Far + [Parh [Par = 141+ 1+,
c AB BC D DA

Fdr= (x2+y2)dx—2xydy

A
(i) Along AB : y=0=dy=0; ~a<x<a r

a 314 3 3 3
X a —a 2a p
_ sz [ — e | ] = The i b (.5 »
L= | d"‘[SL“s (3}‘3 et

h

oy

A-a 0y ORD) o, 0y v
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(ii) Along BC : x =a = dx=0; 0<y<b
b
b 2
I = [-2aydy = [—ay’ ] = —ab
y=0

(i) Along CD :y=b = dy=0; asx<-a

>
=~

|
(.\Jis;
]

X
I = | (x2+b2)dx=[f§+bzx}
x=4a
3 53
:[ —abzl—(%+ab2J=i—Zab2

3
(iv) Along DA : x = —a =>dx=0; b<y<0

0
Iy = IZaydy:[ayz]g=—al;
y=b
3
Hence | F-d7 = 2‘%‘ b2 %— 2ab% —ab? = — 4ab? (1)
C
i i k
. — o d d
Now curlF=V xF = p 3y 32 = -4y k
(Z+y2) -2y 0

&R = hds = dydzi+dzdxj+dxdyk
curl - fids = —dydxdy

n b
J‘Icurlﬁﬁds=—4j jydydx
S x=—qa y=0
a b a
=—4I [%} dx=-2 _‘-bzdx
x=-4 U x=-4a

It

2P [x]' = —267(2a) = —4ab?

Thus H—curl ? nds = —4dab® ... {2)
S
Thus from (1) and (2) we conclude that the theorem is verified.
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. 2 - - . .
22, Lyaluate I,T iy dvt vy dy by Stoke's theorent where C is the square in the x-y
{

plane with vertices (1,0) (-3,0)(0,1)(0,--1)

>>  We have Stoke’s theorem,

12 AL
J‘?d;_)zjj carl - 43 /
S
C S
o L /
From the given integral it is evident that ./ N
ooy /(!AU)
ey faxf? \ ’
~
since @ = dxi'+ dyf\+ dzk \
\‘ o, - 1y
Hencej xydx+xy2dy= jln-:) dr P
C C
which is to be evaluated by applying Stoke’s theorem.
A A
d d 9

= -
Now, Curl F'=V x F'= Ix ay oz

Xy xy2 0

ie., Curl F= ( y2 -x)k on expanding the determinant.

Further 45 = dydz '+ dzdx '+ dx dyf
_[ JCurl P8 = _”(yz—x) dxdy
S
It can be clearly seen from the figure that ~1 < x < land-1<y < 1

1 1
Now [[cul P- B = | [ (#-x) dy dx
S .
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1l
!
|
-
—
VSN
W=
+
U]
~—
|
)
—_
—_
+
fun—y
St
-
i)
>

03|

1
2 2
=l:§x—x2}—l =5 (1+1)=(1-1) =

W | W

Thus Ixy dx+xy’ dy =

o™ . - .
19. Verify Stoke’s theorem for F'= (2x-y)1— yzzj —y2 z k where S is the upper
half surface of the sphere o y2 +z% =1, C is its boundary.

>> j Fdr= IJ curl F- fi ds (Stoke’s theorem)
C 5

C is the circle :x2+y2 =1 z=20

Fdr= (2x—y)dx—yzzdy—yzz dz = (2x-y)dx (- z=0)

Taking x = cos 9, ¥y = sin®, where0<0<2n

2n
LHS = [ Fd7’= [ (2cos0-sin8) (~sin8) d6
C =0
2n
= I{wsin28+%(1—u:0529)}d6
0
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{ ] k

- = d d d

Also, curlF'=V x F'= 3x 3y 32
2x—vy —yzz —-yzz

= 1'(-2yz+2yz)—j(0)+k(0+1) =k
& = fds = dydzi+dzdxj+dxdyk

Hence RH.S = jjcurl?- nds = jjdxdy =7 .. (2)
5

“‘d xdy represents the area of the circle x° + yz = 1 whichis =«

Thus from (1) and (2) we conclude that the theorem is verified.

20 If F= (23‘2*32){—21*}/]'—41‘!( evaluate ‘”IV-?dV where V is the region
v
bounded by the planes x = 0, y=0,z2=0uand 2x+2y+z =

o9 52 9, 94y
>> v P—ax(Zx 32)+ay( 2xy)+az( dy) = 2x

Here z varies from0to 4-2x-2y
When z = 0 weget 2x+2y =4 or x+y = 2.y varies from 0 to 2 —x.

z=0, y=0 willgiveus 2x =4 or x = 2. x varies from 0to?2.

2 2-x4-2x-2y

[ilv-Fav={ | | oxdedyds
Vv x=0 y=0 z=0

2 2-x “2x—2y
= _[ _[ Zx{zJj dy dx
x=0 y=0 =0
2 2-x

-——2_" _[x(4~2x—2y)dydx
x=0 y=0
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2
2-x
[[v-Pav=2[|ay-22y-x2] _ dx
=0
14 x=0
2
=2 [[ax(2-x)-22(2-x)-x(2-x)*]dx
x=0
2
=2 [(P -4+ dx)dx
x=0
4 3
X 4x 32 8
[ v FdV=2{Z— : +2x2}Z _2(4—§+8J- 3
Vv =0
o . . - . T 2 . 2 .
21. Verify divergence theorem for the vector function b= (x7--y=}i iy —zvig

-+(22*xy)k'taken over the rectangular parallelopiped 0<x<a, 0sys<b,
0sz<c¢

>> We have divergence theorem : JJJ divEdv = _H Fonds
14 5

divF=v-F= = (X-yz) +—(y2 zx)+—(z -xy)

2{(x +y+z)

- ujdivF Qv

C
J 2(x+y+z) dz dy dx
x=0y=0z=0

]
l__.,:-'h q___.:a
L, &

b
I [2xz+2yz+22£=0 dy dx
x=0y=0

-]

a

LIS = j(2bcx+cb2+c2b)dx = {bcf+b2cx+ bczx]izo
x=0

a

b
J. (2cx+2cy+c2) dy dx = I[2cxy+cy2+c2y:|z=0 dx

Qy=0 x=0

LHS = &% be +al? ¢ + abc®
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Hence LH.S = abc(a+b+c) - (D)
Now RHS = '”I-T) nds = J‘_[I"-:) Zi-é) is to be evaluated over the 6 faces of the
S S =
rectangular parallelopiped namely ‘ 5
S, : OADB, S, : OCEA, S, + OBFC 4
Sy + CEPF, Sg : BFPD, S, : ADPE " P
The unit outward normals to these faces s
(1’1\) are respectively : ; o s
—k ~j, =i, k j i v g
a b '
(i) IIF_');‘l\dSZ_[ j-xydydx (z=0,n=-k)
% x=0 y=0
b
- P[] 2p
=J' dr = —| 2| = (1D
2 2] 2 4
x=0 Yy =0
4] C 2 2
.. = A c a
@ [[P-Ras=| [avdzax== . 2)
S2 x=0 z=0
(y=0,7=-j)
b c
2 2
e = A b°c
(1ii) IJlF-ﬂdSz‘l‘ Iyzdzdyz 4 ... {3)
53 y=0 z=0
(x=0, 7l = —i)

a b
(iv} I_[I—T)-ﬁds:f J(cz—xy) dy dx

% x=0y=0
(n=k z=c)
a r b
=J' czy—xﬁ} dx
2
x=0" y=0
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2,2
_‘-J.F_')‘F,;dt?:abCz—E“ib_' o4
S
4
= A ‘ ‘ azcz
(v) '”F-n ds:I I(bz-»zx)dz dx:acbz—-T ...(5)
85 x=0z=0
(R=jy=b)
b ¢
. P
(vi) J‘I?-ﬁds= I _[ (a‘?‘—yz) dzdy=a2bc——4— ()
5 y=0z=0

¥ A
(n =1 x=a)
Adding all the results from (1) to (6} we obtain
[[F-fds = ab®+ach +a’ be = abe(atb+c) ...
5
Thus from (I) and (II) we conclude that the theorem is verified.
Note : A Question Format
. y = >
Employ Gauss divergence theorem to evaluate IIF -nds where
. $
e (2 —yz }i+( Yoz 2 —xy)k taken over the rectangular parallelopiped,
0<x<a U<y<h 0<z<c
- A
»>> We have IIIdiv AV = Ij F> hds
Vv S
Here we need to work out only the LIS to obtain the result abe(a+b+c)

. = A . .
22. Use divergence theorem to coaluate _” F-nds over the entire surface of the
S

region above xy plane bounded by the cone == = x2+y2 the plane z = 4 where
F=tz i+xyzzj+ 3=k
>> Wehave jjf_’)ﬁ ds = J‘.”div?dv
5 vV
divE=V .- F=dz+x2%+3

“‘Jdiv Fdv = III(4z+x22+3) dx dy dz with suitable limits.
1% 14
Putting z = 4 in 7> = x2+}/2 we get J(2+y2 = 16

Hence y varies from — Vi6-2° to V16-x*
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If y=20: K= 16 and x varies for —4 to 4, z varies from 0to 4

4 Vie -+

4
[[favPav=] | | (4z+x2+3) dy dx iz
: xl"4yL:—{£t;T
_j- } " 2 3 Vlo—x dxd
_Z;OI__4( +xz° + )[y __16_x2 xdz
4 4
= [ (z+xP+3)2V16-2 drdz
z=0 x=—-4
4 4 4 4
:8'{ Iz\)l6—x2dxdz+2.f _[zzx V16 - x° dxdz
z=0 x=-4 z=0 x = -4
4 4
v6 [ [ VN16-2 dudz
z=0 x=-4
_sjz 2[\/16 xzdxdz+0+6j j\/ls % dxdz
z=0 z=0 x=0

( Second term is zero since x N16 —x° is an odd function )

16 _f { m+8sin‘1{g-JI_odz+12 4] {x_\/lgﬁ+85m_l[ﬂ:[4

z=0 x=0
4 4
=16 [2[0+8 (/2 -0) | dz+12 [[0+8(n/2-0]dz
z=0 z=0
4
Z2 4
=6dn > +48n[z]0=512n+192n:704n
z=0
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23. Lwaluate _” (yzi+zxj+ayk): i ods where S is the surface of the spherve
s
2+ y2 +z2 = o’ in the first octant,

aZ

>> The given surface is 2+ y2 +2
We know that V¢ is a vector normal to the surface ¢(x, y, z) = ¢. Taking
O0(x, y, 2z} = x2+yz~1rz2

d¢. d¢. d

¢ ) .
. -k =2
ax1+8y}+azk xi+2yj+2zk

V¢ =
Vo o 2(xi+yj+zk)
| Vol N2+ +7)
: A xityjtzk  xi+yjt+zk 2 2 _ 2
ie., = = e Xty vz =a
N2+ 42 a v

Alsoif F=yzi+zxj+xyk,

Pi==
a

. A
unit vector normal # =

(xyz+yzx+zxy)=§i§£ (1)

A
Projecting the given surface on the xoy plane we get dxdy = n-kds [Refer the
definition of surface integral]

dxdy dxdy adxdy
ds = — = = . (2)
n-k z/a z

From (1) and (2) | [F-fids = Hi’—‘f—z-%@l: [ [axy dxay
R

5 R
The region R of integration is the quadrant of the circle 2+ y2 = o?
a \‘{lz—xz
'”?-ﬁds:?;.[ _‘-xydydx
5 x=0 y=0
a ﬁ ﬂ2—l‘2 ]
3 2
:3_[3{2} dxzaj.x(a —x2)dx
x=0 y=0 x=0
[[Paas-2e8 2] 2 at b st
2002 4| 212 4] 8
5 0
A 34
Thus Ij(yzi+zxj+xyk)-nds=_
: 8
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. . = A e ; .
24 Using divergence theorem covaluate IA ids where A = 20 i+ _t,r3; +2°k and

- . - - 3 K 2 1
5 is the surface of the sphere X"+~ + 27 = -

[Note : JZ) Ads is tobe understood as “' A fds ]
s

We have divergence theorem J‘I z—‘f) Ads = J‘“‘div Z) dV
N v

divA =V & =37+3+32 = 3(2+2+22)

I_[z?.ﬁ\ds = IIIB(x2+y2+zz)dxdydz
s vV

Note :The evaluation becomes highly tedious in the existing form with cartesion limits. Hence
we evaluate by changing into spherical polar coordinates (7, 8, ¢ )

Taking x = r sinBcos¢, y = rsinOsing, z = rcos® we have x2+y2+z2 = #
and dxdydz = [drd8d ¢ where]is the jacobian of the transformation which works

out to be % sin 6. Further r varies from O toa, 6 fromOto 7 and ¢ fromOto 27
fa m 2n
[{ZRas=3] [ [A Psinodododr
S r=00=0 ¢=0

i I
= 3j J. r4sin6[¢](2)n do dr
r=008=0
q

3 [onr* [~ cos 8 [N dr
r=0

It

|
|
o)
=]
ey
“rh
—~
f
N
—
R,
~
tHl
—
N
=

a a
{rs} 12na
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25. Evaluate J- (axi+byj+czk)-w’1\ds where S is the surface of the sphere
s

x2+y2+z2 =1

Let F= axi+byj+czk

-

We have _Hf)-ﬁds= Jjjdiv?dV
5 v

div?= v.P= (a+b+c)

Jljl-ﬁoﬁds = j-_“(a+b+c)dV =(a+b+c)V
S v

where V is the volume of the sphere with unitradiusand V = 4/3 - ¥ fora sphere
of radius 7.

Heresincewehave r =1, V=431
Thus J‘é“f)-ft\ds=4—;£(a+b+c)

26. If F= 2xy i +y22j +xzk and S is the rectangular parallelopiped bounded by
x:O,y:O,z=0,x:?.,yzl,z=3evalu.ate _”f)ﬁds

5

>> By divergence theorem _” Fonds= III divEdv
5 14

We have, div?=V-?=(2y+zz+x)
1 3

2
J.j?-ﬁds:j I I(2y+zz+x)dzdydx
5 x=0 y=0z=0

2 1 3 3
z
= J J- [2yz+—3-+xz} dydx
x=0y=0 z=0
2 1
= I J(éy+9+3x)dydx
x=0y=0

2
= I[3y2+9y+3xy];:0dx

x=0
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2 x2 2
H?ﬁds=j(12+3x)dx=[12x+§u} = 30
5 x=0

= ey
27. Evaluate _[ j F-ndsgiven F'= xi+yj+zk over the sphere x* + y2 + 2
h)

>>  We have Gauss divergence theorem,
[| P %Was = {[[ div Pav
S |74

S O IR IR N B
div F'=V —(ax1+ay]+az k] (xi+yj+zk)
ie., divl—T)=3
[P 7as = [[[ 3av =3v
5 Vv

where V is the volume of the sphere of radius ‘#’ represented by iy =
givenby 47 /3

3
Thus II? ﬁd)ds =3 . 42“ = 4nd°
s
Thus _” f) ?ds= an &
)
EXERCISES

2

is

1. Evaluate I F-d7 where F = (- yz Yi+xyj where C is the arc of the curve

C
y = ¥ from (0, 0) to (2, 8)

2. If F'= ¢ sin yi+e* cosyj, find the circulation of F round the curve C where

C is the rectangle with vertices (0, 0) (1, 0) (1, n/2) (0, n/2).
Whatis your inference ?

3. Find the total work done in moving a particle in a force field
F= 3xyi—5zj+10xk along the curve : x = t241, Y = 262,z =t from

t=1tot=2
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4 I F= xyi—zj+x2k, evaluate J?x d7 where C is the curve :
C
2 .3 B
x=t5y=2t,z=1t" from t =0 tol

5. Verify Green’s theoremin a plane for I (y—sinx)dx+cos xdy where C isthe
C
triangle formed by thelines y = 0, x = 7/2 and y = 2x/n

6. Using Green’s theorem evaluate : j (cosxsiny—xy)dx+sinxcosydy

C
where C is the circle with centre origin and unit radius.

7. Verify Stoke’s theorem for the vector function F= 2xy i+ x* - f )j over the
circle Jc2+y2 =1,z=0

8. Verify Stoke’s theorem for F= (x2+y2 yi—2xyj over the rectangle in the
xoy planeboundedby x =0, x =24, y =0 y=2b

9. Verify Gauss divergence theorem for F'= txzi- y2 j +yz k over the unit cube.

10. Use Gauss divergence theorem to evaluate j- II—T) nds where
S
?= ( X — 2 Yi+2xyj+( yz +2° }k where S is the surface of the cube bounded
by x=0x=1L,y=0y=12z=02z=1

ANSWERS
1. 82421 2. Circulation = 0, F is irrotational
3. 303 8. 1/30- (- 27i~20j + 42k)
5. —(m/4+2/m) 6. 0
7. 0 8. — léat?



